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Dynamic Analysis of a Flexible Vehicle Moving
along a Flexible Support

DAVID A. HUNT*

McDonnell Douglas Astronautics Company/Western Division, Huntington Beach, Calif.

This paper presents the procedures and rationale of a numeric method for determining the
dynamic response of a flexible vehicle moving along a flexible supporting structure. A dis-
crete-element model of the structure is used in the approach which permits a concise matrix
formulation of the problem based more on physical than mathematical considerations. The
primary factor in this discrete-element analysis is a time-dependent stiffness matrix that is
established by a coordinate transformation operation and affected by 1) vehicle movement
along the supporting structure and 2) intermittent detachment of the moving vehicle. Any
initial curvature of the supporting structure is also taken into account. The development and
results of a numerical experiment predicted on this approach are delineated.

I. Introduction

THE general problem involving calculation of the dynamic
response of a moving vehicle supported by an elastic

structure has been with us for a long time. In fact, over 100
years ago;1R. Willis analytically and experimentally investi-
gated the cjynamics of a mass moving along, and supported by
an elastic structure.1 His work, an impressive contribution at
that time, is still a valuable reference.

Recent approaches to problems of this nature have been
based on partial differential equations and mathematical
solutions as opposed to numeric solutions. Typical examples
of the mathematical approach are Refs. 2-5. Simplifying
assumptions were made such as planar motion, a rigid vehicle,
and constant contact of the moving vehicle with the support-
ing structure. These limitations are overcome in the present
paper, and intermittent contact of the moving vehicle with the
supporting structure due to design geometry, or clearances, is
taken into account along with initial curvature of the sup-
porting structure. Needless to say, the mathematical ap-
proach is useful for the simpler problem for which it is valid
and will continue to find application.

A numeric approach to the calculation of the dynamic re-
sponse of a combined moving vehicle and supporting struc-
ture is presented herein. Based on the use of a discrete-ele-
ment model of the structure, this approach permits incorpora-
tion of elastic properties in a stiffness matrix, which is estab-
lished by a coordinate transformation and which is affected by
1) vehicle movement along the supporting structure, and 2)
intermittent detachment of the moving vehicle from the sup-
porting structure. This time-dependent stiffness matrix
is automatically computed during the dynamic analysis by
methods which are discussed in later sections of the paper.
This specific dynamic response problem is formulated with
differential equations which can be solved by a standard step-
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by-step procedure, such as rail guided, high-speed ground
transportation systems.

To illustrate the approach, a specific example is considered,
namely, the dynamic response of a missile rail launching. It
should be realized that the method applies to a wider range of
problems.

For this example, rocket engine thrust propels the missile
along the rails, which, in combination with shoes or lugs,
provide the missile with initial guidance. The structure con-
sidered is shown in Fig. 1. Displacements, velocities, ac-
celerations, and internal forces can be determined for finite
intervals as the missile traverses the rails.

II. Typical Discrete-Element Missile Rail Model

A typical discrete-element model with the missile detached
from the rails is shown in Fig. 2. The missile is idealized with
torsion and beam bending elements. Bending capability is in
two planes, the xy and xz planes, respectively. Missile sup-
ports which attach the shoes to the missile were added to the
model. Their bending and tension flexibilities were adjusted
for simulation of the actual missile configuration. The rails
in the model have bending and torsion capability. Structure
connecting the two rails are idealized as bar and beam ele-
ments. The terminology is that bar, beam, and torsion ele-
ments react tension (or compression), bending and torsion
forces, respectively. Shoe friction forces are disregarded.

The missile shoes do not contact the rails in the principal
plane of bending (Fig. 3). This is accounted for by the
idealization of stiff vertical bar and beam elements which run
from the center of twist of each rail to the points of attach-
ment with the missile shoes.

In short, the missile and rails are idealized as accurately as
bar and beam elements permit. A more accurate shell

Fig. 1 Missile/rail configuration.
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Fig. 2 Discrete-element missile/rail model.

idealization could be used, but the size of the problem and,
therefore, the computer run time, would increase.

III. Method of Analysis

A stiffness matrix Kg, which relates all forces to their cor-
responding coordinates, can be generated for the unassembled
structure of Fig. 2. However, in general, forces are not ap-
plied for every degree of freedom. The Kg matrix, then, is re-
duced to the Kz matrix, which is associated with the {2} co-
ordinates, which, in turn, correspond to the missile and rail
mass degrees of freedom and the coordinates of the missile
shoes.

There are no mass degrees of freedom of the unassembled
structure at the missile shoes. It is evident that while the
missile slides with respect to the rails, the mass matrix does
not change nor, of course, does the Kz matrix change.

The stiffness matrix K, for a missile connected to and slid-
ing along the rails, is now derived. The coordinates of the
connected missile and rails are {q}. Since the coordinates of
the unconnected missiles and rails are { z } , we can generate a
matrix T which relates the {z} and {q} coordinates according
to

{z} = T{q} (1)

The T matrix is discussed in the next section. The co-
ordinates {q} do not include missile shoe coordinates. The
stiffness matrix with respect to the coordinates {g}, for the
assembled structure, is

K = K*KZT
It follows from Newton's law that

K{q\ - M{q\

(2)

(3)

where {P} is the applied forces matrix, variable with time,
and M is the mass matrix, with both matrices being associated
with the coordinates {q}. The equation is rewritten

{q} = (4)

When the rails have initial curvature, the result on attach-
ing the missile shoes to the rails would be internal forces in the
structure, because the rails do not match the missile attach
points, neglecting shoe clearances. Thus, rail initial curva-
ture is a type of mismatch displacement. With rail initial
curvature taken into account, the coordinates {q} include this
displacement. However, the initial curvature displacement

CENTER OF TWIST
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S • DISTANCE BETWEEN RAIL COORDINATES Q61 and q62.

Fig. 4 Missile shoe and rail juncture.

does not cause forces from the rails, which are given by

This follows from forming the Kz matrix as

in Eq. (4). These forces must be subtracted, as shown in Eq.
(5):

(5)

(6)

where Ki relates to the missile and missile shoe coordinates
and K2 relates to the rail coordinates. For physical reasons,
when the rail initial curvature displacement is given by the
matrix {/3}} the grid point accelerations are given |by Eq. (5).

There are standard step-by-step numeric procedures for
solving this system of equations. Note that for an inelastic
missile, the stiffness matrix K is not time dependent and
K = K2.

It is sometimes desired to compute the missile rigid-body
velocities just as the missile has left the rails. Matrix manipu-
lations for this computation are in the Appendix.

IV. Coordinate Transformation

The transformation matrix T relates the coordinates of the
unconnected missile and rail {z} to the coordinates of the con-
nected missile and rail {q} according to Eq. (1).

The {z} and {q} coordinates can be numbered such that the
T matrix is of the form

m __
" 7 : 0 "
~CM\CR------- (7)

The CM and CR matrices, which are functions of time,
relate shoe coordinates to rail and missile coordinates. The
number of rows in these matrices is the total number of mis-
sile shoe coordinates. The 7 matrices are unit matrices.

For each time interval, as the missile slides along the rails,
the T and K matrices are recomputed to account for the new
position of the missile relative to the rails. When a missile
shoe is attached to a rail, the corresponding rows of the CM
and CR matrices are formed on the basis of Eq. (8). Refer to
Fig. 4, which shows an idealization of a typical missile support
with the shoe attached to the rail. The coordinate of the
missile shoe g4o is related to coordinates of the rails #6i and
g62, according to the lever law of mechanics, which gives

#40 = #62 + (#61 — #62) (S — X)/S (8)

Fig. 3 Missile shoe/rail configuration.

Thus, the necessary relationship involving coordinates is
obtained for forming the T matrix. The physical significance
of the relationship is that missile shoes are pinned to an in-
finitely stiff beam which, in turn, is pinned to two rail grid
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points. Computer logic determines which rail grid points are
involved as the missile moves along the rails.

The T matrix which follows from this reasoning has the
effect of lopping off part of the maximum bending moment
for the static condition of a rail with a concentrated force, for
example, as shown in Fig. 5, for a rail with built-in supports
and eight rail grid points between supports. This approxi-
mation is an adequate representation of the true situation.

The missile shoe/rail configuration was shown in Fig. 3.
It can be seen that due to design features and clearances, a
missile shoe can become detached or partially detached from
a rail. A fully attached missile shoe generates both a vertical
and a transverse force, whereas a partially attached shoe
generates a vertical or a transverse force. Of course, a missile
shoe is completely detached from a rail when the shoe has slid
past the rails. Finally, all the shoes are detached when the
aft pair of shoes has slid past the rails.

If a missile shoe is not fully attached, the appropriate force
in the equation

{Z} = Kz{z] (9)
is zero. This equation furnishes the relationship between the
missile shoe coordinates and other applicable coordinates.
The formation of the appropriate rows of the CM and CR
matrices for a detached or partially attached missile shoe is
based on this relationship.

Computer logic can determine the missile shoe attachment
condition. The forces {Z} are grid point forces and among
these are the missile shoe forces. Equation (9) can be used to
determine the shoe attachment condition by computer logic,
which determines whether or not the calculated shoe forces
represent a physically possible vector.

V. Procedure of Application

A computer program based on the method described in the
preceding paragraphs has been written. Prepared inputs
which are independent of time are M, Kz, {/3}, initial relative
grid point location, shoe clearances, and missile mass. Time-
dependent inputs are {P} and missile thrust. Procedure of
application is summarized as follows. 1) Compute qt+At
from the following formula, which was derived in Ref. 6:

qt+At = 2qt-At - qt-3At + -J(A02fe + qt-At + qt-2At)
2) Determine which rail grid points include each missile
shoe. 3) Check missile shoes as to whether they are attached,
partially attached, or detached from the rails. 4) Compute
{P}. 5) Compute T to take into account the changed joint

PINNED
BEAM

BEND ING MOMENT

SHOE FORCE

Fig. 5 Rail bending moment diagram.

configuration. 6) Compute K as K depends on T. 7)
Compute qt+ At from Eq. (5). 8) Recompute qt+At from the
Cowell formula, as derived in Ref. 6 :

qt+At - qt-At + (qt+At + qt-At)
9) Repeat step 3. 10) Recompute T and K if from step 9 a
changed joint configuration is indicated. 11) Recompute
qt+At from Eq. (5) . 12) Go to the next time interval and re-
peat steps 1-11.

These steps are repeated automatically until the elapsed
dynamic response time reaches an input value at which time
the computer program terminates.

VI. Numerical Experiment

The dynamic response of a missile and rail based on an
idealization similar to that in Fig. 2 was computed. The mis-
sile had 25 mass degrees of freedom and the rail had 102 for a
total of 127. There were three pairs of shoes, each shoe with
two coordinates orthogonal to the missile longitudinal axis.
The stiffness matrix of the missile, including shoe degrees-of-
freedom, was 37 by 37. The stiffness matrices of the uncon-
nected missile and rails and of the connected missile and rails
were, respectively, 139 by 139, and 127 by 127.

The time interval for a stable step-by-step numerical pro-
cedure is proportional to the inverse of the structure fre-
quency.7 To keep this time interval as large as possible, it is
desirable to eliminate the effects of higher frequency modes.

Therefore, the missile mass and stiffness matrices were
formed by elimination of all but the lowest 25 modes from the
original modes of an unsupported vehicle with 96 degrees-of-
freedom. The rail mass matrix was adjusted by a procedure
in which the elements of the inverse of the modal mass matrix
corresponding to the 55 modes with the highest frequencies
were set to zero.
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Fig. 7 Transverse missile station acceleration.

The numerical experiment was run for a total real time of
0.50 sec, or 666 time steps, with a step size of 0.00075 sec.
The first pair of shoes slid off the rails at 0.3375 sec and the
second at 0.4402 sec. At 0:50 sec, the aft pair of shoes was
four time steps from being off the rails.

Excitation forces were caused by thrust misalignment and
missile aerodynamic pressures. Initial shoe clearances in the
vertical and transverse directions of the rails were 0.061 in.
and 0.045 in., respectively, for the forward pair of shoes, and
0.094 in. and 0.065 in., respectively, for the middle and aft
pairs of shoes. For this example, the rails were assumed to be
initially straight.

Computer time on a Univac 1108 was 13 min to generate
and store on tape the displacement, velocity, and acceleration
of the coordinate representing the missile position along the
rails and the 139 coordinates of the missile, missile shoes, and
rails.

Some typical results are shown in Figs. 6-8, which describe
the dynamic response of the missile station at the aft pair of
shoes. Note that both vertical and transverse shoe forces
(Fig. 6) are zero for significant time intervals. For this
example, an assumption of constant contact of the shoes with
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Fig. 8 Vertical and transverse missile station
displacements.

the rails would be inaccurate. Although a missile station has
both a vertical and a transverse acceleration, only the trans-
verse acceleration is shown in Fig. 7. From examination of
missile station displacements in Fig. 8, it is seen that initial
shoe clearances are not small compared to missile station dis-
placements, which indicates, for this example, that initial
shoe clearances affect the dynamic response and especially the
sequence of missile shoe attachment and detachment. This
sequence showing the time history of detachment or attach-
ment of each missile shoe force was also a computer output.

Appendix: Missile Rigid-Body Velocities

If {F} are external missile forces corresponding to the mass
degrees-of-freedom or the missile coordinates {qi}, the sum7
mat ion of the {F} forces with respect to arbitrary reference
axes is

This equation defines the transformation matrix D, which is
often generated in a static discrete-element computer pro-
gram for checking purposes.

The momentum due to the velocities {qi} is Mi{qi} where
MI is the missile mass matrix with respect to the co-
ordinates { qi } . The momentum with respect to the rigid body
velocities |gj-?} is C}^} where C is the rigid body mass matrix
with respect to the coordinates {qn} .

Momentum is a vector for which the technique for summing
forces also holds. It follows that

C{qR} =

or

References
1 Timoshenko, S. P., History of Strength of Materials, McGraw-

Hffl, New York, 1953, pp. 173-178.
2 Fretwell, C. C., "Analysis of Missile Launches, Part Ml,"

T & AM Kept. 214, March 1962, Univ. of Illinois, Urbana, 111.
3 Fretwell, C. C., "Analysis of Missile Launchers, Part M2,"

T & AM Kept. 225, Sept. 1962, Univ. of Illinois, Urbana, 111.
4 Stippes, M., "Analysis of Missile Launchers, Part D (General

Plane Model)," T & AM Rept. 560, Aug. 1958, Univ. of Illinois,
Urbana, 111.

5 Skeer, M. H. and Hribar, J. A., "Dynamic Response of Sys-
tems Subjected to Moving Mass Excitation," Journal of the
Franklin Institute, Vol. 287, No. 4, April 1969, pp. 319-331.

6 Henrici, P., Discrete Variable Methods in Ordinary Differential
Equations, Wiley, New York, 1962, pp. 293-294.

7 Fox, L., Numerical Solution of Ordinary and Partial Differen-
tial Equations, Addison-Wesley, Reading, Mass., 1962, pp. 46-57.


